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Spatial Instability of a Swirling Jet—Theory and Experiment

C. Wu* and S. Farokhit
University of Kansas, Lawrence, Kansas 66045

and

R. Taghavif
Sverdrup Technology, Inc., Brook Park, Ohio 44142

To develop a foundation for active shear-layer control with swirl, spatial instability of a rotating jet is
investigated both experimentally and theoretically. The hydrodynamic stability analysis is applied to an inviscid
incompressible top-hat jet, with a swirl distribution of solid-body rotation and free vortex in and outside the
vortex core, respectively. Both plane and helical instability modes are examined; i.e., m=0,x1,+2,+3. It is
found that the top-hat jet with Rankine vortex swirl distribution is unstable in all of the modes studied. The
higher the positive helicity (i.e., many-lobed disturbances spinning in the same direction as the rotating jet), the
less spatially unstable the jet behavior; the higher the negative helicity (i.e., many-lobed disturbances of opposite
spin), the more spatially unstable this behavior becomes. A comparison is made between theoretical results and
limited experimental data of a low-intensity swirling jet (S =0.12) for plane wave excitation (/n =0). The trend
of the initial growth of the instability waves in the near field is qualitatively captured by the inviscid linear
instability theory when excitation amplitude is sufficiently small, e.g., less than 1% of the mean axial velocity.
At higher forcing amplitudes, the nonlinear interactions will render the linear theory inadequate.

Nomenclature

A =group parameter, aU —w+mW/r

Co1,Cp2 =constants in pressure equation

C,,G,,C;  =constants in stability analysis

c =disturbance phase speed

D,R =nozzle exit diameter and radius, respectively

f =excitation frequency

m =azimuthal wave number

P =instantaneous pressure

p =time-averaged pressure

r,0,x =radial, azimuthal, and axial coordinates,
respectively

7o =matching radius of inner and outer tangential
velocity distributions

S =jet swirl number

St = Strouhal number

t =time

Uw =time-averaged axial and tangential velocity
components, respectively

U, =initial jet axial velocity (constant)

u,v,w =axial, radial, and tangential velocity
disturbances, respectively

u/ =rms amplitude of the fundamental wave axial
velocity

o =complex wave number, o, + o;

r =constant circulation parameter

) =radial displacement of the free vortex sheet

0 = fluid density

Q =jet angular velocity

w =disturbance angular frequency, 2nf
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Subscripts

c = centerline

ce = centerline at nozzle exit
mean =mass averaged

] =exit quantity

o0 =ambient condition
Superscripts

= fluctuating components of velocity and pressure
=amplitude of velocity and pressure disturbances

~

Introduction

N recent years, mixing enhancement, suppression, and, in

general, control of shear layers through artificial excitation
have been amply demonstrated by many researchers. The sin-
gle most important discovery that led to the outburst of
research in this area was the discovery of large-scale coherent
structures in the near field of mixing layers. The deterministic
nature of these organized disturbance wave structures and
their interactions prompted a search for resonating conditions
between the applied external forcing and shear-layer growth
rate or response. However, the nonlinear dynamics of the
instability waves’ interactions make the problem more compli-
cated than its mass-spring-dashpot mechanical counterpart.
These difficulties are experimentally overcome by a systematic
search for the preferred forcing frequency, in the nondimen-
sional Strouhal number form, and preferred excitation modes
in free turbulent shear layers. A sound guiding light for exper-
imental investigations of this nature is, however, found in
theoretical hydrodynamic stability analysis of parallel shear
flows. The present theoretical and experimental investigation
of spatial instability characteristics of turbulent swirling jets is
a major element of active control of rotating shear layers. The
practical applications of this research will be found in new
aircraft combustion chamber designs leading to higher com-
bustion efficiencies through enhanced mixing, reduction of IR
signature in stealth aircraft, advanced design of multistaged
turbomachinery blading, and housing as well as vortex-lift
devices for external aerodynamics.

Swirling jets exhibit distinctive characteristics that are ab-
sent in their nonrotating counterparts. For instance, swirling
jets are primarily driven in the near field (i.e., x/D <5) by the
static pressure gradients in both axial and radial directions.
Hence, the mechanism of jet spread in the near field of a
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Fig. 1  Isovelocity contour plots with different helical mode excita-
tion: a) m=1; b) m=2; ¢c) m=3; d) m=4.%

swirling flow is mainly pressure driven. This is in contrast to
nonrotating jets that are driven by turbulent mixing. An alter-
native view of the previously mentioned distinction is the
absence of centrifugal instabilities in shear layers with zero
rotation.

Farokhi et al.! have experimentally investigated the effect of
initial swirl distribution, i.e., the manipulation of inertia
terms, on the evolution of a turbulent jet. Their investigation
clearly demonstrated the dominance of pressure gradient, in-
duced by the vortex core, on the jet spread and vortex break-
down behavior. '

A characteristic of swirling jets, namely, the presence of a
centrifugal force, similar to buoyancy effect in stratified flu-
ids, critically alters the stability characteristics of curved
flows. The examples of Gortler instability leading to stream-
wise vortex structures in the boundary layer on a concave wall,
Taylor vortices between two concentric cylinders with rota-
tion, and the Crow instability of wingtip trailing vortices are
classical examples that support the previous statement. Conse-
quently, the instability characteristic of a swirling jet combines
both Kelvin-Helmholz (shear) and Taylor-Gortler (centrifu-
gal) instabilities.

Artificial excitation has been used by many researchers as
an experimental tool for better understanding of laminar-to-
turbulent transition and control of shear layers such as jets,
wakes, and boundary layers. One of the principal applications
of artificial excitation is in the study of flow instability.
Axisymmetric jets without swirl are investigated thoroughly
both theoretically and experimentally. The most important
works have been done in the past few years, including Chan,?
Crow and Champagne,® Michalke,* Hussain and Zaman,’
Ahuja et al.,® and Cohen and Wygnanski’. It is demonstrated
that nonswirling jets are excitable. Within the potential core,
the axisymmetric disturbance is the dominant mode. Beyond
the potential core, the first azimuthal mode is amplified. The
first experimental investigation of controlled excitation of a
turbulent swirling free jet was performed by Taghavi et al.?
and Taghavi and Farokhi.® Their investigation confirmed the
theoretical prediction of inviscid instability of a free swirling
jet, based on the inflection point in the mean velocity profile
in the shear layer, according to the classical hydrodynamic
stability theory.'® Although the experiment was limited to
single-frequency plane-wave excitation, the fundamental rms
amplitude of the disturbance wave was amplified in the near
field (i.e., x/D <2.5) at the preferred Strouhal number of
0.39. In comparison to the nonrotating jet, the fundamental
instability wave in a swirling jet saturates closer to the jet exit
and attains smaller amplitudes. Large-amplitude excitation of
swirling turbulent jets, by Taghavi et al.,"! resulted in the free
jet mixing enhancement via plane acoustic waves. The rms
growth of the fundamental disturbance along the jet centerline
exhibited the classical hump and serves as a point of compari-
son with our theoretical investigation. The recent articles by
Farokhi et al.,'? Rice and Abbott,!* and Rice and Zaman'*
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highlight the current research in artificial excitation and its
application to control of various turbulent shear layers.

In the classical hydrodynamic stability theory, the behavior
of small wavy disturbances in parallel shear layers of pre-
scribed mean velocity profile is studied. Earlier investigations
were primarily based on temporal instability analysis of small
perturbations in a parallel flow. However, as suggested by
Watson,!> Garg and Roleau,!¢ and Michalke and Hermann,!’
spatial stability theory is more suitable for the study of near-
field growth characteristics of the instability waves in shear
flows. This is in fact consistent with the experimental results
of Browand,'® Mattingly and Chang,'® Ho and Huang,?® Gut-
mark and Ho,2! and Thomas and Chu.? In addition, the
theoretical results of Monkewitz and Huerre?® and Huerre and
Monkewitz?* support the preceding assertion. For further
comparisons between temporal and spatial instability theory,
the reader is referred to Gaster?® and Kelly.26 The results of
temporal stability analysis of various potential vortex and
trailing line vortex flows are reported by Lessen et al.,?’?
Khorrami et al.,?® and Khorrami.3? Spatial stability analysis of
a slowly diverging jet, in the inviscid limit, is performed by
Crighton and Gaster.3! The instability modes of a diverging jet
are found to be appreciably distorted, a fact of significant
importance for the swirling jet instability analysis. The work
of Ref. 31 is extended by Plaschko?? to include helical instabil-
ity modes in a slowly diverging jet. The results of spatial
hydrodynamic stability analysis of inviscid incompressible,
linearized small disturbances in a swirling jet are presented in
this paper. The theoretical jet is assumed to have a top-hat
axial velocity profile, solid-body rotation, and free vortex
swirl distribution in and outside the vortex core, respectively.
It has to be noted, however, that the preceding asumption of
the mean velocity profile resembles the experimental jet only
near the nozzle exit. Farther downstream, the assumption of
top-hat mean axial velocity profile is no longer valid. Al-
though the experimental data are limited to plane-wave excita-
tion of a swirling free jet, the hydrodynamic stability analysis
is performed for both plane and helical instability waves; i.e.,
m=0,x1,+2, +£3, where m =0 denotes the plane-wave
excitation, m = =+ 1 identifies the first helical mode with one
lobe, m = + 2 is the second helical wave with two lobes, and
similarly for higher helical disturbances (see Fig. 1). Here, the
positive and negative signs imply helical perturbation waves
that spin in the same direction and opposite to the direction of
the jet rotation, respectively.

Spatial Inviscid Instability Theory
The present theoretical study is limited to inviscid, linear
hydrodynamic stability theory with local parallel flow assump-
tion. The governing equations are the Euler and continuity
equations in cylindrical coordinates, which in vector differen-
tial form are

oV 1
i V.vV=--vP )
ot p

v-V=0 )

To perform linear hydrodynamic stability analysis, we assume
that the instantaneous flowfield is composed of a time-aver-
aged velocity and pressure field and traveling wave distur-
bances, namely,

V=V+V’ 3)
P=P+p’ @)

where the perturbations in velocity and pressure take on the
standard formulation:

V' ={i,i0,w} expli(cx +mb—wt)] )

p’' =p expli(ax + mb—wi)] ©6)
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The linearizing assumptions in our analysis are |V’ 1/V <1
and p’'/P<1.

In general, « is the axial wave number, m the azimuthal
wave number, and w the disturbance angular frequency. In the
case of spatial instability analysis, « is set to be a complex
quantity; i.e., a=a, +io;, where «, is the real axial wave
number and o; is the spatial amplification rate. For positive
«;, the flow is stable, otherwise, the flow is unstable.

Upon substitution of Egs. (3-6) into Eqgs. (1) and (2) and
invoking the linearization assumptions, we obtain the follow-
ing four perturbation equations in terms of disturbance ampli-
tudes 4, ¥, W, and p:

All+ap=0 @)
2w, dp
—ap - 9P
Y rw+dr 0 8)
aw w
<—+—>9+Aw+mﬁ=0 ©)
dr r r
. v dv m
all+—+—+—w=0 (10)
r dr r

The disturbance boundary conditions are given at r =0 by
$(0)+w(0)=0, 1(0),5(0)

must be finite for m =0 (11a)

P(0)+w(0)=0,

2(0)=p0)=0 form==+x1 (11b)

4(0)=90)=w(0)=p0)=0 for Iml>1 (11¢)
and at r = by
fi(o0)=V(0)=Ww(x)=p(x)=0 for all m (11d)

The perturbation equations (7-10) can be reduced to a linear
second-order ordinary differential equation in 4:

Ad(Ad) ,,mA W
+ 2 {

2 “u
I T
r r r r
az[Az_zv_V@_WJK)}
dr r

r

4 mAW,
dr r}

LAddAn) m <dW+V_V> d(A#)

rdrr?r

242 wiaw w
e ﬁ—aZ[A2—2—<—+—>]ﬁ=O 12)
.
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Fig. 2 Schematic drawing of jet facility.
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Fig. 3 [Experimental measurements of downstream development of
the time-mean velocity components—S =0.12, M =0.22: a) axial di-
rection; b) tangential direction.

For the present investigation, the steady mean flowfield is
assumed to be

=U,, 0=<sr= )
U{ o r=ro (13)
=0, ro<r=<o
=Qr, O<sr=
W{ r r Iy (14)
=T/r, ro,<r<o

where r, is the matching radius of solid-body rotation and
potential vortex, Q the angular velocity inside the matching
radius, and I' the constant circulation parameter outside the
matching radius.

Within the solid-body rotation core, i.e., 0 =r <r,, Eq. 12
simplifies to a modified Bessel equation in #:

&g 1da [, m2>
-——(+—)a=0 15
ar <" )" (15

With Eq. (15) and the specified boundary conditions, the
perturbation equations (7-10) can be solved for the radial
eigenfunctions as

4(r) = Clp(ur) (16a)
Lo A 2mQ Al (ur)
V(r)= —iC e {———————(aUD O w)],,,(;;r) + ar } (16b)
o afm 20 A, (ur)
=65 {rl’"(‘”) T@U, tme—w)  dr } (16c)
s (164)
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—a |l 4 17
p=a (@U, + mQ — w)? an

where C; is a constant, and 7, is the modified Bessel function
of the first kind.

In the outer potential vortex flow, i.e., 7, <r < oo, Eq. (12)
also simplifies to a modified Bessel equation in # as

da lda [, m?\
— etz )a=0 (18)

where

_dr—2+rdr

Now, with the far-field boundary conditions, Egs. (18) and
(7-10) can be solved for the radial eigenfunctions as

a(r) = CKy (ar) (19a)
V()= —IiC, l M (19b)
o dr

m
w(r) = Cy—K,,(ar) (19¢)

or

. 2

p(r) = cz(i—’Z—P—/’—’Km (ar) (19d)

where C; is a constant and K, is the modified Bessel function
of the second kind.

To constitute the eigenvalue problem, the free vortex sheet
assumption is applied to the interface between the inner and
outer flows. First we assume that, at the matching radius, the
radial displacement of the vortex sheet due to disturbance is
described by 6 = C; exp[i(ax + m8 — wt)], where C; is a con-
stant. Applying the kinematic boundary condition at both
sides of the matching radius, we get

Dé 96

YT +(V-V)o=v 20)
In physical terms, the kinematic boundary condition on the
wavy free vortex sheet described by Eq. (20) is the statement of
flow tangency condition to the interface on both sides. Hence,
both tangential and radial perturbations are discontinuous on
the wavy interface, but their slopes are identical to the wave
(see Refs. 33 and 34). The two radial perturbation velocities
across the free vortex sheet can be obtained from Eq. (20).

Inner solution (i.e., r <r,):

Cia {Zmﬂ dl,, (ur,)

2 _Ara In(pro) + ar } +CA =0 1)

Outer solution (i.e., r =r,):

dK,, T
o Knloro) C3a<m—2 - co> =0 @2)
dr r

Finally, the dynamic boundary condition on a free vortex
sheet demands the continuity of static pressure across the sheet
as fluid material elements cannot sustain a static pressure
jump. Hence, the dynamic boundary condition at the fluid
interface requires

Py(ro +8) +pi = P, +8) + p, (23)
where
P, 1 5 2 P, 112
— == —“=—-—4C 24
B ZQr + Cps Y 2 (24)
therefore,

mT I?
C\AL,(ur,) — C2<7 - w)Km(aro) + C3a<;—3—- era) =0
0

(25)
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Eliminating the constants C,;, C,, and C; from Eqgs. (21), (22),
and (25), we obtain the following eigenvalue problem:

2mQ* 1 dI,,,(;L*)/dr}
(mQ* +a* ~w*)r, Iy (u*)
K, (a*)
T* — *)>2 miT L
% {(’" @ )de(oz*)/dr}
— [(MQ* + a*— w*)2 - 40%7] = 0 26)
where
wry T Qr,
*=ar,, pr=pr,, wf=-—2, MF=—— Qft=-2
o oy M Bro U, roU, u,
27

The eigenvalue problem of Eq. (26) has been solved numer-
ically. A complex-valued Newton-Raphson method is applied
to achieve convergence to an accurate eigenvalue from the
guessed estimate. Given a set of parameters m, r,, U,, o, T,
and 9, all the * parameters (e.g., «*, p*, T'*, and Q*) are
calculated from Eqgs. (27). Thus, the complex modified Bessel
functions of the first and second kind, as well as their first
derivatives, can be numerically evaluated. The convergence
criterion is set at 10~°. A properly guessed estimate of « is
crucial to the solution technique employed in this study.

Experimental Facility

The experimental aspect of the present work was performed
in the free-shear-layer facility at NASA Lewis Research Cen-
ter.

Swirl Generator and Excitation Section

Figure 2 is a schematic of the free-shear-layer facility. Plane
acoustic waves were generated by two Ling Model EPT-94B
Electro-Pneumatic acoustic drivers, positioned 180 deg apart
around a 15.4-in. (41-cm) cylindrical section and operated in
phase. Each driver is an electrically controlled air modulator
capable of generating 170 dB sound pressure level in the near
field. The drivers were operated by an air supply of 124 psig
(87,184 kg/m?) at a maximum flow rate of 0.6 Ib/s (0.27
kg/s). The air leaving the drivers was directed into the tangen-
tial direction by means of scoops. After leaving the plenum,
the swirling air passed through a 30-mesh screen and a trip
ring before entering the 3.5-in.-diam (8.89-cm-diam) nozzle.
The motivations behind the screen were 1) reduction of jet
turbulence, and 2) better mixed-out, solid-body-rotation pro-
file in the swirl distribution. The reduction of swirl intensity
by the screen was of no concern because low swirl number jets
were the intended targets of our investigations. The trip-ring
function was to insure the emergence of turbulent shear layer
from the nozzle. The screen and trip ring were located 13 in.
(33 cm) upstream of the nozzle exit where the diameter of the
contracting section was 5.16 in. (13.1 c¢cm). More detailed
description of the facility can be found in Refs. 8, 9, 11, and
12.

Instrumentation

Three components of time-mean velocity, as well as static
and total pressure, were measured by a five-hole pitot probe
having a diameter of 0.125 in. (0.318 cm) at the measuring tip.
The probe tip has a 45-deg cone angle, and the pressure ports
are located at the midspan of the conical surface. The five-
hole probe is self-nulling in the yaw direction, and the pitch
angle, time-mean velocity components, as well as mean pres-
sure are computed from the measured pressures and the probe
calibration curves.
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Fig. 4 Experimental measurements of growth of the fundamental
wave along the jet centerline—S =0.12, M =0.22.

The axial component of fluctuating velocity was only mea-
sured along the jet centerline using a TSI mode 1260A-10
hot-wire probe and a DISA model 55M01 constant tempera-
ture employing a DISA model 55M2S linearizer. Along the jet
axis, the tangential and radial velocity components are negligi-
bly small compared to the axial component, and therefore, the
results from a single-element hot-wire probe were assumed to
represent the actual streamwise velocity fluctuations. The fun-
damental rms amplitude at each streamwise location was ob-
tained by analyzing the hot-wire spectra at the excitation fre-
quency. Although no phase-averaging technique was applied,
the amplitude of the fundamental wave was significantly
above the background noise, which insured negligible contam-
ination of the instability-wave amplitude with background
turbulent noise. To prevent the probe support from entering
the flowfield and influencing the data due to its vibration,
only half traverses were made starting from the jet centerline
for the five-hole probe measurements.

Excitation pressure level and fluctuation pressure spectra, at
the center of the nozzle exit, were measured using a model
4135 (B & K) microphone with a streamlined nose cone. The
sound pressure level in decibels (re 20 uPa) at the excitation
frequency was obtained from the spectra of the microphone
signal using a Wavetek model 804A signal analyzer.

Test Conditions

The mass flow rate of 1.2 Ib/s (0.54 kg/s) was designed for
the experiment. The free jet was excited with a swirl number of
S =0.12 by plane acoustic waves. The maximum time-mean
tangential and axial velocity at the nozzle exit plane were 58.8
fps (17.9 m/s) and 275 fps (83.8 m/s), respectively. The Mach
and Reynolds numbers of the jet, based on the mass-averaged
axial velocity at the nozzle exit and nozzle diameter, were 0.22
and 4.6 x 10°, respectively. The maximum forcing amplitude
of the plane-wave excitation was 6.88% of time-mean axial
velocity at a Strouhal number of S¢=0.39, measured at the
center of the nozzle exit plane.

Experimental Results and Comparison with
Linear Stability Theory
The free-shear-layer facility at NASA Lewis is utilized to
investigate forced excitation of swirling jets. The first phase of
shear-layer excitation research of rotating jets was limited to
low swirl numbers. Here, the swirl number is defined, based
on the time-averaged flow quantities, as

_ fcoUwWr? dr
T RC[pU+ (P—Py)lr dr

(2%

which is essentially the ratio of jet mean torque to jet thrust
nondimensionalized with the nozzle radius R. For the swirl
number of S =0.12, the mean axial velocity emerging from the
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nozzle describes a top-hat profile, as shown in Fig. 3a at
x/D =0.066. The initial mean swirl distribution is nearly
solid-body rotation, as depicted in Fig. 3b at x/D=1.0.
Downstream development of the time-mean velocity compo-
nents is shown in Fig. 3 for the jet mean swirl number S =0.12
and the jet mass-averaged axial Mach number M =0.22.

The jet was excited at various frequencies by plane acoustic
waves; i.e., m =0. The nondimensional parameter describing
the forcing frequency is the Strouhal number defined as

D
St=—"—" 29)
Umean

The variation of the rms amplitude of the axial velocity fluctu-
ations at the fundamental excitation frequency u/ , along the
jet centerline, corresponding to various excitation Strouhal
numbers, is shown in Fig. 4. The preferred Strouhal number
was about 0.39, as indicated in the figure. The forcing ampli-
tude of the excitation at this frequency was 6.88% of the
time-mean centerline axial velocity at the nozzle exit (u/. /Ue.).
The axial location of the saturation point was at x/D =2. The
trend of growth and decay of the instability wave agrees with
the data of Mankbadi et al.*® and Raman et al.’’ for highly
turbulent nonswirling jets excited at high amplitudes. How-
ever, two major differences between the initial growth stages
of the instability waves in swirling and nonrotating jets need to
be pointed out. First, the location where maximum growth of
the instability wave is reached for a swirling jet is much closer
to the nozzle exit (namely, at x/D = 2.0 in our experiments) as
compared to nearly 6 diameters for a nonrotating jet. Second,
the amplitude of the instability wave in a swirling jet, at the
location of maximum growth, is only a fraction (nearly one-
half) of the corresponding nonrotating jet instability wave
amplitude (see Ref. 11). These fundamental differences will be
clarified by the spatial instability analysis in the present work.

Figure 5 shows, on a relative scale, the streamwise evolution
of velocity spectra along the jet axis at an excitation frequency
of 330 Hz (St =0.39). The isolated peaks at 600 (first har-
monic) and 990 Hz (second harmonic) can also be seen from
Fig. 5 near the nozzle exit at x/D =0.06. Since these higher
harmonics were not amplified by the flow, their effects on the
fundamental growth were not considered in this study. How-
ever, the excitation of these higher-frequency waves, i.e., 2f,
and 3f,, in our experimental setup leads to enhanced turbu-
lence intensity near the jet exit, as shown by the analytical
investigations of Mankbadi.’> The mechanism behind such
nonlinear wave-wave interactions in turbulent nonswirling jets
is described by the integrated energy of the mean flow, coher-
ent structures, and random turbulence in a cross section of the
jet.’s From Fig. 5, it is also evident that no growth of the
subharmonic (165 Hz) is experienced in the case of the swirling
jet excited by plane waves. This observation is in contrast to

FLUCTUATING VELOCITY, RrMs

| I l

|
0 400 B0 1200 1600 2000

FREQUENCY, Hz

Fig. 5 Experimental measurements of evolution of u spectra along
the jet axis—(relative scale) Sz =0.39, §=0.12, M =0.22, band-
width=7.5 Hz.
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those of the nonswirling jets, in which considerable growth of
the subharmonic is measured as a result of excitation at the
preferred Strouhal number of St =0.5.3637

Distributions of total axial turbulence intensity along the jet
centerline for unexcited and excited (St =0.39) cases are com-
pared in Fig. 6a. It is seen that as a result of excitation the total
turbulence intensity at the nozzle exit has been almost doubled
and the location of its maximum value on the jet axis has
moved upstream from x/D =6 to 2.5. For a similar excited jet
without swirl, the peak value is reached at a location much
farther downstream (x/D =9).3 The swirling jet mixing en-
hancement due to forced excitation at preferred Strouhal
number (St =0.39) is indicated in Fig. 6b by faster decay of
the mean centerline velocity than the unexcited jet. A 10%
centerline mean axial velocity reduction is measured at x/
D =9.0.

The results of inviscid linear spatial instability analysis of
the mean velocity profile described by a top-hat axial velocity,
solid-body rotation, and free vortex swirl distributions in and
outside the jet core, respectively, are shown in Fig. 7. Spatial
amplification rate o; of plane and six helical instability modes,
as a function of real nondimensional frequency w, is plotted
for various circulation parameters. The top-hat jet with
Rankine vortex-type swirl distribution is unstable to m =0, 1,
2,3, —1, =2, and — 3 instability modes at all frequencies, as
shown in Fig. 7. For a small circulation parameter I'=0.1, the
plane and the four helical instability waves exhibit very similar
amplification rates. Increasing the degree of rotation in the
jet, or equivalently as I' increases from 0.1 to 0.4, the negative
helical instability modes show greater amplification rates than
the plane and positive instability modes. The differences of
amplification rates grow with increasing I'. The third helical
mode in the direction of shear-layer rotation (i.e., m =3),
though unstable, is the least amplified instability wave,
whereas the third helical mode against the direction of shear-
layer rotation (i.e., m = — 3) is the most amplified instability
wave, among the seven modes investigated in the near-field of
the jet exit. Experimental investigations of Panda and
Mclaughlin®® and Panda® on the instabilities of swirling free
jets, however, show nearly equal amplification rates of

m = —1 and +1 helical instability modes; both helical modes
.16 —
/’\ ’~
12— //
R\
NE UNEXCITED
v o e EXCITED (St = 0.39)
.04
woob L L by
1.0
10% Centerline Mean
. & Axial Velocity Reduction
= N
~ ~
=U
6 r—
AT - —_
4 l 1 l 1 l L l EY l L ~ -j
b) 0 2 4 6 8 10 12
X/D

Fig. 6 Experimental measurements of effect of excitation of axial
velocity components along the jet axis—S =0.12, M =0.22: a) rms
fluctuations; and b) mean components.
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(m = +1) exhibited higher growth rates than the axisymmetric
(m =0) mode. The results of our analytical study, in general,
agree with the latter and not with the former result of Panda.3®

Inviscid modal instability of the theoretical swirling jet un-
der consideration is shown in Fig. 8. The circulation parame-
ter I’ is plotted as a running variable for m =2, 0,—1, —3
instability modes. This depiction sheds light on the effect of
rotation; i.e., centrifugal force on modal instability of swirling
jets. For a corotating, two-lobed helical instability wave (i.e.,
m =2), spatial amplification rate decreases with increasing
degree of rotation. At higher excitation Strouhal numbers,
however, the difference in amplification rates shrinks to a
constant level. The axisymmetric mode (m = 0) exhibits nearly
swirl independence in its spatial amplification rate behavior.
As with all other modes investigated, the m =0 mode experi-
ences higher spatial growth rates with increasing excitation
Strouhal number. Interestingly, the higher swirl enhances the
growth of the helical instability waves of opposite spin; i.e.,
m=—1 and —3 (as shown in Fig. 8). This behavior is in
contrast to the growth characteristics of positive helical modes
and the degree of jet circulation. A plausible explanation of
this changing behavior will be offered later. But first a major
conclusion on the preferred mode of a swirling jet may be
reached based on the results of our theoretical study. Namely,
helical instability waves of negative spin (i.e., m <0), prefer-
ably with more lobes in the azimuthal plane, which exhibit the
highest spatial amplification rates, do constitute preferred
modes of a swirling jet. Hence, artificial excitation of rotating
shear layers with the intention of mixing enhancement must
trigger helical instability waves of negative helicity for best
results. This also explains, to some extent, Taghavi et al.’s
result® that the plane-wave-excited swirling jet did not exhibit
the same fundamental wave growth characteristics as a non-
swirling jet excited by the axisymmetric mode. On the question
of different amplification rates between the positive and nega-
tive helical instability waves in a swirling jet, one may seek an
answer based on Taylor and Gortler centrifugal instabilities.
First, we observe that a cospinning or counterspinning distur-
bance wave experiences the same Gértler instability because
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the spiral radius of curvature remains identical in the two
cases. However, a counterspinning disturbance is more un-
stable in the sense of Taylor instability than a corotating one.
Hence, enhanced Taylor instability offers a plausible answer
to this question. Also, on the effect of jet circulation on the
amplification rates of the helical instability waves, the preced-
ing picture suggests that, as the Taylor instability wave grows
with circulation, it feeds energy into counter-rotating distur-
bances while it absorbs energy from the cospinning waves.
Future analytical investigations on nonlinear wave-wave inter-
actions for swirling flows, similar to Mankbadi’s®® analysis of
nonrotating jets, can shed light on the energy exchange mech-
anisms between the various components of swirling motion.

Experimental results of the rms amplitude of the fundamen-
tal wave, along the jet axis in the near field, is plotted in Fig.
9. The theoretical prediction of the hydrodynamic stability
analysis based on the initial mean velocity profile is also
shown in Fig. 9, with excitation Strouhal number Sz =0.35 in
Fig. 9a and St =0.39 in Fig. 9b. It is to be noted in Fig. 9b that
the forcing amplitude in the experiment generating 6.88% (see
Fig. 4) of rms axial velocity fluctuation on the centerline at the
nozzle exit is clearly beyond the scope of the linear theory. In
fact, all forcing amplitudes greater than 1% are considered to
fall in the nonlinear regime.*® Consequently, the initial rms
amplitude of the theoretical fundamental wave was only
matched to the experimental one for the St =0.35 case (see
Fig. 9a). In Fig. 9a, a reasonable agreement between the
theoretical results and the experimentally measured data is
observed. The differences are primarily attributable to the
following: 1) the assumed mean axial velocity profile of top
hat not representing the measured mean axial velocity distri-
bution in the jet beyond x/D =0.06, 2) the linear theory not
accounting for nonlinear wave-fine grain turbulence-mean
flow interactions, and 3) parallel flow assumption. In the case
of very large forcing amplitude, namely, the one depicted in
Fig. 9b, we decided not to equate the initial theoretical rms
amplitude of the fundamental disturbance wave based on
linear theory to the experimentally generated disturbance well
beyond the linear regime. The purpose of this portion of Fig.
9 is to demonstrate the inadequacy of the linear stability
analysis in predicting the growth characteristic of nonlinear
waves in turbulent shear layers.

Further analytical work to relax the top-hat limitation of the
mean axial velocity profile is currently under way. The prob-
lem is further complicated by the lack of similarity profiles in
the mean velocity distributions in the near field of swirling
jets, as evidenced by detailed experimental work of Chigier
and Chervinsky.*"*2 However, it has to be noted that a rotat-
ing jet attains similarity property farther downstream (i.e.,
x/D =4.0, depending on swirling intensity) as closed-form
solutions are obtained by Gértler*? and Lee.**

Conclusions

An inviscid, spatial linear hydrodynamic stability analysis is
performed on a jet with top-hat mean axial velocity, solid-
body rotation, and potential vortex mean tangential velocity
distributions in and outside of the jet, respectively. Seven
instability modes, i.e., m = x3, £2, 1, and O are investi-
gated and found spatially unstable. Helical instability waves
of negative spin are, however, the most amplified in the pre-
scribed shear layer. Based on these theoretical results, helical
disturbances that rotate in the opposite direction to the jet are
identified as the preferred modes of a swirling jet. Spatial
amplification rates of all instability waves monotonically grow
with excitation frequency. Hence, no preferred Strouhal num-
ber is established by this theory in the range investigated. The
effect of higher jet circulation enhances the spatial growth
characteristics of —m mode disturbances, whereas the oppo-
site holds for + m helical waves. Enhanced Taylor instability
of disturbances with opposite spin offers a plausible rationale
for this behavior. Interestingly, the spatial instability charac-
teristic of the axisymmetric mode (i.e., m = 0) exhibits circula-
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tion independence. Measurements along the axis of a plane-
wave excited swirling jet showed the instability hump of the
fundamental wave with, however, smaller saturation ampli-
tude and closer-to-nozzle saturation location than the non-
swirling jets. Reasonable agreement between the experimen-
tally measured and theoretically predicted spatial instability
wave growth is obtained in the near field when the rms excita-
tion amplitude falls within the linear regime. Large-amplitude
forcing of the instability waves is found to be beyond the
scope of the linear analysis.
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